We consider electromagnetic fields excited by spatially bounded, arbitrary given sources in the presence of a gyrotropic cylinder surrounded by a homogeneous gyrotropic background medium. The axis of symmetry of the considered cylindrical structure is assumed to coincide with the gyrotropic axis. The total field is sought in terms of the vector modal solutions of source-free Maxwell's equations. By demanding completeness of the modal spectrum and using a continuity argument, we determine the content of the modal spectrum and obtain an eigenfunction expansion of the source-excited field in terms of discrete-and continuous-spectrum modes. We discuss representations of source-excited fields for particular cases of interest.
Introduction
Gyrotropic structures capable of guiding electromagnetic waves have been an important research topic for a long time because of many applications including, in particular, those related to the characteristics of whistlermode waves in density ducts in laboratory and space plasmas, helicon waves in magnetized metals and semiconductors, waves in ferrites, modes of gyrotropic fibers, etc. The theory of excitation of closed waveguides filled with gyrotropic media has received much careful study, and there are many accounts of it (see, e.g., [1, 2] and references therein). Open gyrotropic waveguides surrounded by an isotropic outer medium have been discussed in [3] . Recently, open gyrotropic guiding structures located in a gyrotropic background medium have attracted considerable interest [4, 5] . Several authors have discussed representations of the dyadic Green's functions for such structures [5] . Another approach is to obtain eigenfunction expansions of source-excited fields without preliminary calculations of the dyadic Green's functions [4] .
In this paper, we present a rigorous and concise formulation of the complete eigenfunction expansion of the source-excited field in a cylindrically stratified gyrotropic medium. To illustrate the application of the general expressions obtained, we consider special cases of cylindrical guiding structures immersed in a gyroelectric medium.
Formulation of the Problem and Basic Equations
Consider time-harmonic (∼ exp(iωt)) given electric and magnetic currents with densities j e (ρ, φ, z) and j m (ρ, φ, z), respectively, in a gyroelectric medium described by a dielectric tensor in the form ε = ǫ 0 (ερ 0ρ0 − igρ 0φ0 + igφ 0ρ0 + εφ 0φ0 + ηẑ 0ẑ0 ), where ρ, φ, and z are cylindrical coordinates and ǫ 0 is the electric constant. Such a tensor is typical of, e.g., a magnetoplasma with a superimposed static magnetic field parallel to the z axis. Let the elements of the dielectric tensor be functions only of the radial coordinate ρ for ρ < a and constant for ρ > a, where a is the radius of a core of the cylindrical structure considered. In what follows we denote the elements of the dielectric tensor in an inner region (ρ < a) and in an outer medium (ρ > a) byε,g, andη and ε a , g a , and η a , respectively. Solutions of source-free Maxwell's equations in such a cylindrically stratified medium can be sought in terms of the vector functions
where k 0 is the wave number in free space, q is the normalized (to k 0 ) transverse wave number in the outer medium, m is the azimuthal index (m = 0, ±1, ±2, . . .), the functions p s,α (q) describe the dependence of p, the axial wave number normalized to k 0 , on the transverse wave number q for the "ordinary" (α = o) and "extraordinary" (α = e) normal waves of the outer medium, the subscript s denotes the wave propagation direction (s = − and s = + denote waves propagating in the negative and positive directions of the z axis, respectively), and E m,s,α (ρ, q) and H m,s,α (ρ, q) are the vector functions describing the radial distribution of the field of an eigenwave corresponding to the transverse wave number q and the indices m, s, and α. The functions p s,α (q) obey the relation p +,α (q) ≡ p α (q) = −p −,α (q), where
and χ o = −χ e = −1 [4] . It is assumed that Re R p (q) > 0 and Im p α (q) < 0. To find the eigenvalues q, it is required that the functions E m,s,α (ρ, q) and H m,s,α (ρ, q) obtained as a result of solution of Maxwell's equations be regular on the z axis and satisfy both the boundary conditions, which consist in the continuity of the components E φ;m,s,α (ρ, q), E z;m,s,α (ρ, q), H φ;m,s,α (ρ, q), and H z;m,s,α (ρ, q) at the discontinuity points of the dielectric-tensor elements, and the following boundedness conditions at ρ → ∞ [4] :
where
m,α and R (2) m,α are certain constants. It can be shown that the total field yielded by summing (integrating) eigenwaves over the found values of q satisfies the radiation condition at infinity. We emphasize that conditions (3) turn out to be sufficient for finding the eigenvalues q and the corresponding eigenwaves in contrast to the case of a nongyrotropic background medium (g a = 0) where, along with the boundedness conditions, certain additional conditions should be imposed on the desired fields of eigenwaves [3] .
The transverse components of the vector functions E m,s,α (ρ, q) and H m,s,α (ρ, q) are readily expressed in terms of their axial components E z;m,s,α (ρ, q) and H z;m,s,α (ρ, q). In the outer homogeneous medium (ρ > a), these components are written as follows:
Here, C
m,s,α , and C m,s,α are coefficients to be determined, H
m and H (2) m are Hankel functions of the first and second kinds, respectively, of order m, and Z 0 is the impedance of free space. Other quantities in (4) are given by the formulas
In the above expressions, we put Im q α (q) < 0. Because of such a choice of the branches of q α (q), we rejected the solution comprising H
m (k 0 q α ρ) to ensure that the functions E m,s,α (ρ, q) and H m,s,α (ρ, q) do not contradict the boundedness conditions (3) .
If the medium in the inner region is homogeneous, then the axial field components for ρ < a can be written as
Here, J m are Bessel functions of the first kind of order m, B
m,s,α and B
m,s,α are coefficients to be determined, andq (1) α andq (2) α are the transverse wave numbers in the inner region, which correspond to the axial wave number p α (q):
The quantitiesñ (1, 2) s,α are obtained from the formulas for n
The elements of the matrix S and the column vectors F and G are written as follows:
Hereafter,Q
The coefficients B In the case of an inhomogeneous inner region, two independent sets of solutions should be found numerically instead of those represented by Bessel functions in (6). The solutions of the two sets are distinguished by their behavior near the axis ρ = 0, in the vicinity of which they are described by Bessel functions with the arguments k 0q1 ρ or k 0q2 ρ, whereq 1,2 correspond to the parameters of the medium at ρ = 0. Next, satisfying the boundary conditions at ρ = a, we again arrive at an equation in form (8).
If the medium in the region ρ < a is perfect conductor, then the field should be considered only for ρ > a. The boundary conditions requiring that the tangential electric-field components are zero at ρ = a yield the matrix equation of previous form (8) with a 2 × 2 matrix S and two-dimensional vectors F and G. Their elements are written as
In this case, the coefficients C (1,2) m,s,α and C m,s,α can again be found using the above-described procedure.
Field Expansion in Terms of Discrete-and Continuous-spectrum Modes
The obtained field representation allows us to find the spectrum of eigenvalues q and the corresponding eigenfunctions of the guiding structure. First, it is easy to verify that the field (4) satisfies the boundedness conditions (3) for all real transverse wave numbers q. Next, based on the results of the analysis performed in [4] , it can be shown that E m,s,α (ρ, q exp(±iπ)) = E m,s,α (ρ, q) and H m,s,α (ρ, q exp(±iπ)) = H m,s,α (ρ, q), whence it follows that the negative values of q can be excluded from the analysis. Thus, all positive values of q constitute the continuous eigenvalue spectrum.
Along with the continuous spectrum of the values of q, conditions (3) can also be satisfied for certain discrete complex values q = q m,n (n = 1, 2, . . .) which are roots of the equation C m,s,α (q m,n ) = 0 for Im q m,n > 0. With allowance for the properties of Hankel functions, it can easily be verified that roots of the latter equation do not yield new solutions for the field and can therefore be rejected. It is evident that the waves corresponding to the discrete values q m,n are localized eigenmodes (discrete-spectrum modes) of the considered guiding structure. The eigenmode fields are obtained by putting q = q m,n in (1) and will further be denoted as E m,ns (r) and H m,ns (r), where the indices n + = n > 0 and n − = −n < 0 mark discrete-spectrum modes propagating in the positive and negative directions of the z axis, respectively.
Since the set of discrete-and continuous-spectrum modes is complete, the total field outside the source region can be expanded in the form
where a m,ns and a m,s,α are the expansion coefficients of the discrete-and continuous-spectrum modes, respectively. In (12), one should put n s = n > 0 and s = + for positive z and n s = −n and s = − for negative z outside the source region. The field expansion inside the source region is not given here for the sake of brevity. The discrete-and continuous-spectrum modes entering expansion (12) satisfy some general conditions under which orthogonality relations for these modes can be established. In the considered case, the orthogonality relations have the same form as that obtained for magnetized plasma channels in [4] . Using the orthogonality relations and the well-known method developed for finding the expansion coefficients of modes of closed and open waveguides and based on Lorentz's theorem (see, e.g., [2] [3] [4] ), we obtain the formulas
Here, integration is performed over the region occupied by currents, the superscript (T) denotes fields taken in an auxiliary ("transposed") medium described by the transposed dielectric tensor ε T , and the normalization quantities for the corresponding modes are given by the formulas
N m,α (q) = − 16π k 2 0 dp α (q) dq
Here, ̺ = 0 if the inner region is filled with a gyrotropic medium. If the inner region is filled with a perfectly conducting medium, then ̺ = a. Note that in the latter case, the external tangential electric field E ext is often specified on the surface of a perfectly conducting cylinder when considering its excitation. This is equivalent to specifying the magnetic current j m (r) = (E ext ×ρ 0 ) δ(ρ − a), where δ is a Dirac delta function. This magnetic current should then be substituted into formulas (13) and (14).
Conclusion
In this paper, we presented the complete eigenfunction expansion of the total electromagnetic field excited by spatially bounded given sources in a cylindrically stratified gyrotropic medium. The field has been expanded in terms of modes whose spectrum comprises both the discrete and continuous parts and the expansion coefficients of discrete-and continuous-spectrum modes have been calculated. Our analysis generalizes the well-known theory of excitation of open waveguides in an isotropic medium to the case of open guiding structures located in a background gyrotropic medium. It was shown that the developed approach makes it possible to immediately obtain the source-excited field for such structures without preliminary calculation of the dyadic Green's functions. 
